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Rayleigh—Benard natural convection of aqueous gadolinium nitrate solution (paramag-
netic) was studied experimentally and numerically in the presence of upward magnetiza-
tion force in a framework similar to that proposed by Braithwaite et al. With the magnetic
susceptibility of the gadolinium nitrate solution reevaluated by the Gouy method, the
measured heat transfer rates were found to agree with Silveston’s experimental curve,
which represents the relationship between the Nusselt number (Nu) and the magnetic
Rayleigh number (Ra,,). Furthermore, three-dimensional numerical computations were
also carried out. Every convection flow pattern became axisymmetric, and the computed
Nu agreed with Silveston’s curve when Ra,, was used in place of the Rayleigh number.
© 2005 American Institute of Chemical Engineers AIChE J, 51: 1096-1103, 2005
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Introduction

Braithwaite et al.! measured the heat transfer rates of
natural convection of gadolinium nitrate solution (paramag-
netic liquid) in a bore space of a superconducting magnet
and found that the heat transfer rates can be enhanced or
suppressed, depending on the direction of magnetization
force that a strong magnetic field generates. They proposed
the magnetic Rayleigh number (Ra,,) with which the average
heat transfer rates [Nusselt number (Nu)] can be correlated
in a single curve over the graph of Nu vs. Ra,,. Following
their report, Maki et al.? studied the same problem with air
and found the average heat transfer rates can be correlated
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well with the magnetic Rayleigh number. They also found
that their experimental and numerical heat transfer rates
agree with Silveston’s experimental curve.> However, on
replotting the experimental data by Braithwaite et al. on
their graph of Nu vs. Ra,,, they found that the latter data
differ from Silveston’s curve. Control of convection with the
magnetization force is an important engineering problem in
achieving effective heat transfer. In addition, Maki et al.*
recently succeeded in growing protein crystals in a floating
state by using magneto-Archimedes effect>° in a paramag-
netic aqueous gadolinium chloride solution, leading to im-
proved crystalline quality. The quality improvement may
arise from levitation or from modified convection, which
constitutes the motivation of the present work. We used the
aqueous gadolinium nitrate solution as Braithwaite et al.!
did and obtained the results reported in this communication.
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Table 1. Concentration, Density, and Magnetic Susceptibility
of the Solution (at 298 K)*

CGd Psol X X 107
(mol/kg) (kg/m?) (m*/kg) X X 10°
Exp. data 1 0.0715 1020 0.139 1.42
0.148 1044 0.407 4.25
0.218 1063 0.636 6.76
Exp. data 2 0.0198 1001 —0.0267 —0.267
0.0497 1010 0.0698 0.705
0.1000 1025 0.230 2.36
0.2001 1057 0.558 5.90
0.4001 1125 1.22 13.7
0.7003 1236 2.17 26.8
0.9987 1377 3.13 43.1

*c .4 18 the concentration of gadolinium nitrate (mol/kg), is the density of the

Gd g £)> Psol y
solution, y is the magnetic susceptibility of the solution (m*/kg), and y,, is the
nondimensional magnetic susceptibility of the solution, x,, = p,,x-

Measurement of the Magnetic Susceptibility of
Gd(NO;); Solution

The magnetic susceptibility of gadolinium nitrate hexahy-
drate was evaluated by the Gouy method at 298 K. The mea-
surement was carried out two times. Table 1 shows the mea-
sured concentration, density, and magnetic susceptibility of ten
solutions. Because magnetic susceptibility of paramagnetic
materials is temperature dependent, all the results were con-
verted by using Curie’s law in comparison with the results by
Braithwaite et al. at 288 K (15°C)' (we presume their room
temperature as 288 K hereafter).

Figure 1 shows the relationship between the magnetic sus-
ceptibilities and the concentrations of gadolinium nitrate, and
the filled circles (Exp. data 1) and the filled triangles (Exp. data
2) represent the results converted at 288 K. Figure 1A shows
the measured results in the proximity of the experimentally
used concentration of 0.148 mol/kg (see below). It is shown
that the data points fall on a straight line. The open diamond
represents the diamagnetic susceptibility of pure water. This
literature value is also on the straight line. Figure 1B represents
the whole area of measurements, and also includes the data
given by Braithwaite et al.! In their report, however, the con-
centration of the gadolinium ions cannot be known exactly
because Gd(NO;); can be anhydrate, pentahydrate, and hexa-
hydrate. The three possibilities are included in Figure 1B; if
their solution was the anhydrate, pentahydrate, or hexahydrate,
the values correspond to the open square (a), the open triangle
(b), and the open circle (c), respectively. From the results, it is
found that the magnetic susceptibility comes closer to our
results if the solution was prepared with pentahydrate or hexa-
hydrate.

Experimental

The heat transfer rates of natural convection of aqueous
gadolinium nitrate solution were measured in a shallow cylin-
drical enclosure (a) in Figure 2 heated from below and cooled
from above. The concentration of gadolinium nitrate used was
cgq = 0.148 mol/kg, and its density p,,; = 1044 kg/m>. The
magnetic susceptibility was y = 4.07 X 10~ ® m*/kg (at 298 K).
This value was corrected by Curie’s law, and obtained as x =
4.24 X 10"®* m¥/kg (at 288 K) or 3.94 X 10~* m’/kg (at 306
K). The diameter of the enclosure is 40 mm and its height is
5.25 mm. The aspect ratio (= diameter/enclosure height) is
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about 7.62. Depending on the vertical level in the bore space of
a superconducting magnet, the magnitudes and directions of
the magnetization forces f,, differ. We defined that the center of
the magnet coil was z, = 0, with z, > 0 upward. The direction
of f,, is symmetrical with respect to the z, = 0 plane. The
shallow enclosure was installed at z;, = —66 mm in a bore
space of 100-mm diameter, as shown in Figure 2. This enclo-
sure position was selected so that the axial component of
magnetization force prevails over the two other components.
The experimental system is the same as that used by Maki et
al.? and is not repeated herein.

The temperature difference between the top and bottom
surfaces 6, — 6, was measured by the thermocouples equipped
on each of the plates. Thermal properties such as thermal
diffusivity «, kinematic viscosity v, and coefficient of volume
expansion (3 were interpolated from the thermal data.” The
Rayleigh numbers were computed by using the interpolated
thermal properties. The magnetic field was fixed at 0-3.45 T,
whereas the total heating power for a bottom plate was varied.

The relationship between the temperature differences 6, —
0. and the total power supply Q is shown in Figure 3. The net
heat flux and the heat loss were estimated by the method of
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Figure 1. Relationship between the magnetic suscepti-
bilities xy and the concentrations of gadolinium
nitrate.

(A) The data in the proximity of the concentration used in our
experiments. (B) The data in the whole concentration range.
All of our results are converted into the values at 288 K for
referring to the result by Braithwaite et al.! Exp. data 1 (filled
circles) are the results of the first experiment, and data from
Exp. data 2 (filled triangles), the second results. The open
diamond in (A) represents the susceptibility of water taken
from the literature. Data points (a), (b), and (c) in (B) are the
values for the solution used by Braithwaite et al., assuming
that the salt used was (a) anhydrate, (b) pentahydrate, and (c)
hexahydrate.
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Figure 2. Perspective of the experimental apparatus
with dimensions in mm.

(a) Cylindrical enclosure in the bore, (b) superconducting
magnet coil, (c) circulating water to cool the top of the
cylindrical enclosure, (d) heater located under the bottom of
the cylindrical enclosure, (e) thermocouples, (f) rubber hose
to circulate the constant temperature water, (g) heat-insulating
material fully surrounding the cylindrical enclosure. The ori-
gin of z, is also shown.

Ozoe and Churchill,® and the heat loss line is represented by the
dot-dash line. At first, the conduction experiment was carried
out with the whole experimental apparatus placed upside down,
that is, heated from above and cooled from below. The net
conduction heat flux through the experimental fluid layer was
estimated by using Fourier’s law with known thermal conduc-
tivity of the fluid, which gives the heat loss by subtracting the
net conduction heat flux from the total heat supply. We can
repeat this for other total heat supply to obtain the heat loss
line. Then, the convection experiment was carried out with the
apparatus heated from below. For the convection experiment,
the net convective heat flux can be given by subtracting a heat
loss from the total heat supply at the corresponding temperature
difference 6, — 6. For example, if a datum shown as a cross
in Figure 3 is obtained, Nu is experimentally estimated as the
ratio of Q,,,, t0 Q..o Nu is always defined >1. When the
convection is totally suppressed, Nu = 1.

In the absence of the magnetic field, heat transfer is attrib-
uted to usual natural convection. By progressively increasing
the magnitude of upward magnetization force, the effect of
gravity is decreased, and the convection becomes stagnated. As
a result, the temperature difference 6, — 6, increases and,
finally, the conduction state is attained at the loss of accelera-
tion force. In short, the convection almost disappears, leading
to the quasi-non-gravitational state, although the liquid is
heated from below.

Disappearance of convection would also have been observed
simply by visual inspection of fluidal motion. However, the
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narrow magnet bore prevented such an experiment. Therefore,
we proceeded to carry out numerical analyses to pursue the
convection, observed in Figure 3.

Model Equations for the Convection of
Paramagnetic Liquids

- with magnetic flux density b =
(b, by, b,) on a paramagnetic substance with magnetic suscep-
tibility y,, is as follows!

The magnetization force f,

fu=5—Vb (1

For a paramagnetic fluid, the mass magnetic susceptibility is
inversely proportional to its absolute temperature by Curie’s
law. For the present experimental fluid, the state equation is
given by the next equation with a volumetric coefficient of
expansion 3 near the average temperature 0,

. Po
P=1+806- 10y )

By use of a procedure similar to the Boussinesq approxima-
tion, as was carried out by Tagawa et al., the momentum
equation was obtained including both magnetization force and
gravitational force. The basic equations were nondimensional-
ized by the way of Hellums and Churchill as follows.!© They
are equations of continuity (Eq. 3), energy balance (Eq. 4), and
momentum for the paramagnetic liquid (Eq. 5), a nondimen-
sional parameter for a paramagnetic liquid (Eq. 6), and a
nondimensional parameter representing the magnitude of the

6 T T T
—-- Heat loss line /
—_— nd. | i ne /
5 - 3457 ; Oeom -
o 1.38T ;
o 1357 .
S W © TN
] P v -
e 14T A
=) m 00T/
<" 3 ’ t .
| | |
=]
x
2 .
l - —
0 1 ]
0 0.5 1.0 1.5 2.0

0 [W]

Figure 3. Experimental results representing the relation
between the temperature difference 6,, — 6, (K)
and the total electric power for heating Q (W).

The conduction line is represented as Cond. line in this figure.
The net heat flux and the heat loss were estimated by the
method of Ozoe and Churchill,® and the heat loss is repre-
sented in this figure as the Heat loss line. If a datum shown as
a cross is obtained, the Nusselt number (Nu) is experimentally
estimated as the ratio of Q,,,, to Q.. The ratio is always
>1, approaching 1 when convection is stagnated.
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magnetization force (Eq. 7). In Eq. 4, V> means (V-V’), where
V = (d/dx, d/dy, 9/9z).

V-U=0 3)

DT 5
DU . " 0 c_ .

E=—VP+PrV U+Ra-Pr-T| (1) _VEV(B) )
1

C:1+E (6)
Xﬂlbz

= 7

Y Hopogh @

We considered that the aspect ratio of the enclosure was 8.0,
the top surface (Z = +0.5) was cold, the bottom (Z = —0.5)
was hot, and the side wall (R = 4.0) was adiabatic. The initial
and boundary conditions are as follows

AtT=0
U=0 T=0 (8)
AtZ = +05
U=0 T=-05 ©)
AtZ = —05
U=0 T=+05 (10)
AtR = 4.0
.. aT
U=0 =0 (11)

Fully three-dimensional calculations were carried out to solve
Eqs. 3-7 using a cylindrical coordinate with the HSMAC
(highly simplified marker and cell) scheme for a staggered
mesh system.!! The value of Nu was computed at Z = +0.5 as
a measure to determine the contribution of convection in ref-
erence to conduction.

Several numerical computations were carried out with vari-
ous numbers of meshes for the system at Pr = 6.0, Ra = 7020,

Table 2. Effect of the Grid Size on the Numerical
Computation at Pr = 6.0, Ra = 7020, and without Applying
the Magnetic Field

R ¢ z Nu
21 21 15 239
21 21 21 2.29
21 41 21 2.29
21 41 25 227
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Figure 4. Top and side views of the grids for the numer-
ical computation.

and aspect ratio = 8.0. Table 2 summarizes the results. From
these results, we adopted the mesh numbers of 21 in the radial
direction, 41 in the circumferential direction, and 21 in the
axial direction. Figure 4 shows these grids in top and side
views.

Computed Results

Sample computations were carried out at Pr = 6.0, and Ra =
7020 and 14,040. The mean temperature of the fluid was
assumed to be 306 K. At this temperature and without a
magnetic field, if the height of the enclosure % as a represen-
tative length is 5 mm, the temperature difference between the
cold top surface and the hot bottom becomes 2.05°C at Ra =
7020 and 4.11°C at Ra = 14,040.

At first, natural convection was computed to use it as the
initial condition for the magnetization convection. In the com-
putation, the superconducting magnet as a source of the mag-
netization force is replaced with a one-turn coil whose diameter
is 36A. The enclosure is located at z = —11h, where the axial
components of magnetization force are dominant.

Figure 5 shows the distributions of the magnetization force
vectors in the shallow cylindrical enclosure located at various

(A)

®)
o [

© H H ,

Figure 5. Force distributions in the shallow cylindrical
enclosure.
(A) Magnetization force, —y(C/ZW(E)ﬂ (B) the resultant
forces with gravity (0, 0, 1)7 —y(C/2)V(B)*. The magnitude
of magnetization force at the center of the enclosureF%#=°
(nondimensional): (a) 0, (b) 0.5, (¢) 0.75, and (d) 1.0.

1 “1‘11111“!!‘14‘
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Table 3. Summary of the Computed Results*

Max. Vel.  Figure
Ra Ra,, y  FRZ=0 Nu (mm/s)  Number

7020 7020 0 0 2.29 0.92 6a
3510 2009 0.50 1.69 0.36 6b

1755 3013 0.75 1.0005 0.02 6¢

0 4018 1.00 1.0002 0.01 6d

14,040 14040 0 0 2.62 1.10 Ta
7020 2009 0.50 2.27 0.91 7b

3510 3013 0.75 1.63 0.36 Tc

0 4018 1.00 1.0002 0.01 7d

*These computations were carried out at Pr = 6.0, C = 11.3, and Ra = 7020
and 14,040, and the mean temperature of the fluid was assumed to be 306 K.
Max. Vel. corresponds to the maximum velocity of the convection for the
height of the enclosure of 5 mm.

levels. Figure 5A shows the distributions of the magnetization
force —y(C/2)V(B)?, and Figure 5B represents the distributions
of the resultant force from the magnetization force and gravity

g’ | vector magnitude = 50

(0,0, 1) —y(C/2)V(B)>. In other words, Figure 5B shows the
distributions of the residual force in the enclosure. The mag-
nitude of the magnetization force at the center of the enclosure
F®-%=9 (in nondimensional units) is: (a) 0, (b) 0.5, (c) 0.75, or
(d) 1.0.

The computed results are summarized in Table 3. The nu-
merical isothermal distributions and the velocity distributions
are shown in Figures 6 and 7. In particular, the isothermal
distributions are shown both for horizontal sections at Z = 0
and for vertical sections at ¢ = 0. The values of Nu in Table
3 are also included in Figure 8.

For this computation at Pr = 6.0, even the three-dimensional
computation gave axially symmetric solutions, although non-
axial solutions were obtained at Pr = 0.7.2 Nu decreased
gradually when the applied upward magnetization force was
enhanced. At Ra values of 7020 and 14,040, quasi-non-gravi-
tational states were achieved, as shown in Figure 6d and Figure
7d for the vanishing net acceleration cases. On the other hand,

Figure 6. Computed results for the top view of isotherms at Z = 0, and isotherms and velocity vectors for vertical

sections at ¢ = 0.

The parameters are Pr = 6.0, C = 11.3, and Ra = 7020. The magnitude of magnetization force at the center of the enclosure FR-Z=°

(nondimensional): (a) 0, (b) 0.5, (¢) 0.75, and (d) 1.0.
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Figure 7. Computed results for the top view of isotherms at Z = 0, and isotherms and velocity vectors for vertical

sections at ¢ = 0.

The parameters are Pr = 6.0, C = 11.3, and Ra = 14,040. The magnitude of magnetization force at the center of the enclosure F’

(nondimensional): (a) 0, (b) 0.5, (¢) 0.75, and (d) 1.0.

when some residual forces remained, as shown in Figure 5Bc,
convection was achieved, as shown in Figure 7c.

Another finding was that the flow patterns were quite similar
between Figure 6a and Figure 7b, and likewise between Figure
6b and Figure 7c. In these pairs, although the Ra numbers are
different from each other, the Ra,, numbers are the same, and
both Nu numbers and the maximum velocities are almost the
same, as shown in Table 3. This means that it is possible to
make the convection modes almost equal by using magnetiza-
tion force for different Ra numbers.

Discussion

Figure 8A represents our experimental results as a relation-
ship between Nu and Ra. These results seem to be quite
complicated. However, by introducing Ra,, (Eq. 12), originally
defined by Braithwaite et al.,' all the results corresponded quite
well with Silveston’s experimental curve, obtained without a
magnetic field, as shown in Figure 8B

AIChE Journal

R,Z=0
m

R R {1 A (1 + ! )b abz} (12)
a, = Rajl — — b, —
MoPo8 B,/ 9z

It is understood from Figure 8B that, when Ra,, < 1708, the
complete suppression of convection takes place.

By the use of gadolinium nitrate, Braithwaite et al.! carried
out the convectional experiments by using magnetization force
under both convection-suppressing and convection-promoting
conditions. Their experiment is recognized as the vanguard in
demonstrating the quasi-non-gravitational state. The convec-
tion results by Braithwaite et al. are also shown in Figures 8A
and B. Their data collected under the condition w3H(dH/dz) =
0, —4.0, and +4.0 are represented as (1), (2), and, (3) respec-
tively. Their data (1) did not agree with Silveston’s experimen-
tal curve in either Figure 8A or Figure 8B. In Figure 8B, their
data (1) and (2) at w3H(dH/dz) = 0 and —4.0, respectively,
agree with each other but not with that of Silveston. Their data
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Figure 8. Measured and computed Nusselt number (A)
arranged by using Ra, and (B) rearranged by
Ra,,.

(1) w3H(dH/dz) = 0, (2) n2H(dH/dz) = —4.0, (3) w3H(dH/
dz) = +4.0.

(3) at wiH(dH/dz) = +4.0 do not fall in the present range of
Ra,, and are not shown in Figure 8B.

Our computed results, included in Figures 8A and B, corre-
sponded well with Silveston’s curve in Figure 8B, as did the
above-mentioned experimental results.

In the above numerical computation with a paramagnetic
liquid, we introduced in Eq. 6 the nondimensional parameter C.
The joint use of vy and C is considered to help us understand the
specific effects of the magnetization force on paramagnetic
liquids. Ra,, in Eq. 12 can be rearranged as follows

13)

C 9B’
Y29z

Ra, = Ra<1

The parameter y can be used generally for a paramagnetic
liquid, a paramagnetic gas, and a diamagnetic fluid (gas, lig-
uid). On the other hand, the parameter C depends only on the
thermal properties, which manifest themselves only when mag-
netization force exists. The magnitude of C is quite large for
paramagnetic liquids: it is 11.3 at 306 K, 18.1 at 293 K, and
40.2 at 283 K for our solution. Thus, because C substantially
varies with temperature, quantitative convection control is dif-
ficult only by using the magnetic parameter 7. In calculating C,
we used the volumetric expansion coefficient (3 of water be-
cause the ionic concentration is small. We think that the joint
use of vy and C enables the effects of the magnetization force
and the thermal properties to be considered separately. It is
added that, for a paramagnetic gas such as air, C = 2 con-
stantly,?%-12 and for diamagnetic fluids, C = 1 constantly.'3
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Conclusions

The magnetization convection of aqueous gadolinium nitrate
solution, a typical paramagnetic liquid, was studied. Its mag-
netic susceptibility was measured by the Gouy method. The
convection in a shallow enclosure was progressively sup-
pressed by the upward magnetization force, and we confirmed
the transition into the quasi-non-gravitational state by using the
inhomogeneous magnetic field that a superconducting magnet
provides.

The experimental and numerical Nusselt numbers were plot-
ted vs. the magnetic Rayleigh number Ra,,, which fitted with
Silveston’s experimental curve, obtained without a magnetic
field.? The numerical computations showed that the flow pat-
terns became quite similar if Ra,, values were equal. Thus, it
was shown that the use of Ra,, is essential to control convec-

m

tion.
Notation
B = nondimensionalized magnetic flux density vector = (B,,
. By B
b = magnetic flux density vector = (b,, by, b,), T = Wb/m? =
Vsm?
b, = representative magnetic flux density = wi/h, T
C = nondimensional parameter for paramagnetic liquid = 1 +
(1/B0,)
cga = concentration of gadolinium nitrate, mol/kg
f. = magnetization force, N/m?
FR-%=0 = magnitude of the magnetization force at the center of the

enclosure
g = gravitational vector = (0, 0, —g)
h = height of an enclosure, m
H = magnetic intensity, A/m
i = electric current in a coil, A
Nu = nondimensional Nusselt number = Q.,,,,,/O ona
P = nondimensionalized pressure
p = pressure, N/m?
Pr = nondimensional Prandtl number = v/«
Q = total electric power for heating, W
Q.onv = heat transfer by convection, W
Qcona = heat transfer by conduction, W

r = radial component fixed to the enclosure, m

R = nondimensionalized radial component fixed to the enclo-

sure
Ra = nondimensional Rayleigh number = gBOh—O(.h3/(aV)
Ra,, = magnetic Rayleigh number, = Ra{l — [y(C/2)(0B%/9Z)]}

= time, S
= nondimensionalized temperature
= radial velocity component of solution, m/s
= velocity vector = (u, v, w), m/s
nondimensionalized velocity vector
= circumferential velocity component of solution, m/s
= axial velocity component of solution, m/s
= axial component fixed to the enclosure, m
= nondimensionalized axial component fixed to the enclo-
sure
axial component whose origin is at the center of the
magnet, m

3

Nau T « Tsis N«
Il

2
B
Il

Greek letters

thermal diffusivity of solution, m?/s

volumetric coefficient of expansion of fluid resulting from
temperature difference, 1/K

v = nondimensional parameter representing the magnitude of
the magnetization force = x,,b2/(uopogh)

™R
Il

6 = temperature, K
0, = hot surface temperature, K
6. = cold surface temperature, K
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0, = representative temperature = (6, + 0,)/2, K
o = magnetic permeability, H/m
v = kinematic viscosity, m*/s
p = density of solution, kg/m?
po = density of solution at 6,, kg/m*
p.o = density of aqueous gadolinium nitrate solution, kg/m*
7 = nondimensionalized time
¢ = circumferential angle coordinate fixed to the enclosure,
rad
X = magnetic susceptibility of solution, m*/kg
Xm = nondimensional magnetic susceptibility of solution, x,, =
pPX
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